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❙♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ❙❡t ✶✸
❖♣t✐❝❛❧ ❲❛✈❡❣✉✐❞❡s ❛♥❞ ❋✐❜❡rs ✭❖❲❋✮

❊①❡r❝✐s❡ ✶✿ ❉✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦✉♣❧❡❞✲♠♦❞❡ ❡q✉❛t✐♦♥

❲❤❡♥ t✇♦ s✐♥❣❧❡✲♠♦❞❡ ✇❛✈❡❣✉✐❞❡s ❛r❡ ❜r♦✉❣❤t ✐♥ ❝❧♦s❡ ♣r♦①✐♠✐t② t♦ ❡❛❝❤ ♦t❤❡r ✭❋✐❣✳ ✶✮ t❤❡ ♠♦❞❡ ♣r♦✜❧❡
♦❢ ♦♥❡ ✇❛✈❡❣✉✐❞❡ ❝❛♥ ❡①t❡♥❞ ✐♥t♦ t❤❡ r❡❣✐♦♥ ♦❝❝✉♣✐❡❞ ❜② t❤❡ ♦t❤❡r ✇❛✈❡❣✉✐❞❡✳ ❚❤✐s ❧❡❛❞s t♦ ❛♥ ✐♥t❡r❛❝t✐♦♥
♦❢ t❤❡ t✇♦ ♦r✐❣✐♥❛❧ ♠♦❞❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♣❧❡❞✲♠♦❞❡ ❡q✉❛t✐♦♥s✿

∂A1

∂z
= −jκ12A2e

−j(β2−β1)z,

∂A2

∂z
= −jκ21A1e

−j(β1−β2)z.

✭✶✮

■♥ t❤❡s❡ r❡❧❛t✐♦♥s✱ Aν ✐s t❤❡ ♠♦❞❡ ❛♠♣❧✐t✉❞❡ ✐♥ ✇❛✈❡❣✉✐❞❡ ν✱ ν ∈ {1, 2} ❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦❡✣❝✐❡♥ts κνµ✱
µ ∈ {1, 2} ❛♥❞ µ 6= ν ❛r❡ ❞❡✜♥❡❞ ❜②✿

κνµ =
ω

4Pν

ˆ ˆ

∆ǫν(x, y)Eµ(x, y)E∗
ν(x, y)❞x❞y, ✭✷✮

✇❤❡r❡ ∆ǫν(x, y) ✐s t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ✇❛✈❡❣✉✐❞❡
ν✱ ❛♥❞ ✇❤❡r❡ Eµ(x, y) ✭Eν(x, y)✮ ✐s t❤❡ ♠♦❞❡ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ µ ✭ν✮ ❛ss✉♠✐♥❣ t❤❛t t❤❡
r❡s♣❡❝t✐✈❡ ♦t❤❡r ✇❛✈❡❣✉✐❞❡ ✐s ❛❜s❡♥t✳ ❆ss✉♠❡ t❤❛t t❤❡ t✇♦ ✇❛✈❡❣✉✐❞❡s ❛r❡ ✐❞❡♥t✐❝❛❧✱ ✐✳❡✳✱ β1 = β2 ❛♥❞
κ12 = κ21 = κ✳

❋✐❣✉r❡ ✶✿ ❚✇♦ ✇❛✈❡❣✉✐❞❡s ❝♦✉♣❧❡❞ t♦ ❡❛❝❤ ♦t❤❡r✳

❛✮ ❲r✐t❡ ❊q✳ ✭✶✮ ❛♥❞ ❊q✳ ✭✷✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❢♦r♠✿

∂

∂z
A(z) = −jMAA(z) ✭✸✮

✇❤❡r❡ A(z) = (A1(z), A2(z))
T ✳

❙♦❧✉t✐♦♥✿ P❧✉❣❣✐♥❣✲✐♥ β1 = β2 ❛♥❞ κ12 = κ21 = κ ✐♥t♦ ❊q✳ ✭✶✮✱ ✇❡ ❣❡t✿

∂

∂z
A1(z) = −jκA2(z),

∂

∂z
A2(z) = −jκA1(z).

❚❤❡r❡❢♦r❡✿

MA =

(

0 κ

κ 0

)

.

✶
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❜✮ ❊q✳ ✭✸✮ ❞❡s❝r✐❜❡s t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡s A1 ❛♥❞ A2 ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✇❛✈❡❣✉✐❞❡s✳ ❆❧t❡r♥❛✲
t✐✈❡❧②✱ t❤❡ s②st❡♠ ❝❛♥ ❜❡ ❛♥❛❧②③❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡✐❣❡♥♠♦❞❡s ♦❢ t❤❡ ❝♦✉♣❧❡❞ ✇❛✈❡❣✉✐❞❡s✳ ❚❤❡s❡
❡✐❣❡♥♠♦❞❡s ❞♦ ♥♦t ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❛♥❞ ❝❛♥ ❤❡♥❝❡ ❜❡ ❢♦✉♥❞ ❜② tr❛♥s❢♦r♠✐♥❣ ❊q✳ ✭✸✮ t♦ ❛
❜❛s✐s ✐♥ ✇❤✐❝❤ MA ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐①✳ ❚❤❡ ❡♥tr✐❡s ✐♥ t❤✐s ❞✐❛❣♦♥❛❧ ♠❛tr✐①
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ MA✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs r❡♣r❡s❡♥t t❤❡ ❡✐❣❡♥♠♦❞❡s
♦❢ t❤❡ ❝♦✉♣❧❡❞ ✇❛✈❡❣✉✐❞❡s✳
❈❛❧❝✉❧❛t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s λe,o ❛♥❞ t❤❡ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦rs ve,o ♦❢ t❤❡ ♠❛tr✐① MA✳ ■♥ t❤✐s ♥♦t❛✲
t✐♦♥✱ t❤❡ s✉❜s❝r✐♣t ✏❡✑ r❡❢❡rs t♦ t❤❡ ❡✐❣❡♥st❛t❡ ✇✐t❤ ❡✈❡♥ s②♠♠❡tr②✱ ✐✳❡✳✱ t❤❡ ♠♦❞❡ ✜❡❧❞s ✐♥ ✇❛✈❡❣✉✐❞❡
✶ ❛♥❞ ✷ ❛r❡ s✉♣❡r✐♠♣♦s❡❞ ✇✐t❤ ❡q✉❛❧ ♣❤❛s❡✱ ❛♥❞ t❤❡ s✉❜s❝r✐♣t ✏♦✑ r❡❢❡rs t♦ t❤❡ ❡✐❣❡♥st❛t❡ ✇✐t❤ ♦❞❞
s②♠♠❡tr②✱ ✇❤❡r❡ t❤❡ ♠♦❞❡ ✜❡❧❞s ❛r❡ s✉♣❡r✐♠♣♦s❡❞ ✇✐t❤ ❛ ♣❤❛s❡ s❤✐❢t ♦❢ π✳
❙❦❡t❝❤ t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ❝♦✉♣❧❡❞ ✇❛✈❡❣✉✐❞❡s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ λe ❛♥❞ λo✳

❙♦❧✉t✐♦♥✿ ❆♥ ❡✐❣❡♥✈❡❝t♦r ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛❧✉❡ ❤❛s t♦ ❢✉❧✜❧❧

MAve,o = λe,ove,o.

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s λe,o = ±κ✱ ❛♥❞ t❤❡ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦rs ve = 1√
2

(

1
1

)

❛♥❞

vo = 1√
2

(

1
−1

)

. ❆ s❦❡t❝❤ ♦❢ t❤❡ ♠♦❞❡s ✐s ❞✐s♣❧❛②❡❞ ♦♥ t❤❡ ❋✐❣✳ ✭✷✮✳

❋✐❣✉r❡ ✷✿ ▼♦❞❡ ♣r♦✜❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ ❡✐❣❡♥✈❡❝t♦rs

❝✮ ❯s✐♥❣ t❤❡ r❡s✉❧t ♦❢ ❜✮✱ ❊q✳ ✭✸✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

∂

∂z
B(z) = −jMBB(z)

✇❤❡r❡ B(z) = (Be(z), Bo(z))
T ❛♥❞ ✇❤❡r❡ MB = ❞✐❛❣ {λe, λo}✳ ❙♦❧✈❡ t❤❡ ❞❡❝♦✉♣❧❡❞ ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s ❛♥❞ ❝❛❧❝✉❧❛t❡ Be(z) ❛♥❞ Bo(z) ❢♦r ❣✐✈❡♥ ✐♥✐t✐❛❧ ✈❛❧✉❡s Be(0) ❛♥❞ Bo(0)✳ ❆ss✉♠❡ t❤❛t ❧✐❣❤t
✐s ♦♥❧② ❧❛✉♥❝❤❡❞ ✐♥ t❤❡ ❧❡❢t ✇❛✈❡❣✉✐❞❡✱ ✐✳❡✳✱ A1(0) = A0 ❛♥❞ A2(0) = 0✳ ❈❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❛♠♣❧✐t✉❞❡s Be(0) ❛♥❞ Bo(0) ♦❢ t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ❝♦✉♣❧❡❞ ✇❛✈❡❣✉✐❞❡s✳ ❙❦❡t❝❤ t❤❡ ✐♥t❡♥s✐t②
♣r♦✜❧❡ ✐♥ t❤❡ t✇♦ ✇❛✈❡❣✉✐❞❡s ❛❢t❡r ♣r♦♣❛❣❛t✐♦♥ ❞✐st❛♥❝❡s ♦❢ κz = π

4 ✱ κz = π
2 ❛♥❞ κz = π✳

❙♦❧✉t✐♦♥✿ ❋✐rst tr❛♥s❢♦r♠ A(z) =

(

A1(z)
A2(z)

)

✐♥t♦ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs✿

(

A1(z)
A2(z)

)

= Be(z)ve +Bo(z)vo = Be(z)
1√
2

(

1
1

)

+Bo(z)
1√
2

(

1
−1

)

,

(

A1(z)
A2(z)

)

=
1√
2

(

Be(z) +Bo(z)
Be(z)−Bo(z)

)

.

❋r♦♠ A1(0) = A0 ❛♥❞ A2(0) = 0 ✐t ❢♦❧❧♦✇s✿ Be(0) = Bo(0) =
1√
2
A0. ❚❤❡ ♣r♦✈✐❞❡❞ ♠❛tr✐① ❡q✉❛t✐♦♥

❣✐✈❡s ✉s ❞❡❝♦✉♣❧❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r Be ❛♥❞ Bo✳

∂

∂z

(

Be(z)
Bo(z)

)

= −j

(

κ 0
0 −κ

)(

Be(z)
Bo(z)

)

,

∂

∂z
Be(z) = −jκBe(z) ⇒ Be(z) = Be(0) exp(−jκz) =

1√
2
A0 exp(−jkz),

∂

∂z
Bo(z) = −jκBo(z) ⇒ Bo(z) = Bo(0) exp(jκz) =

1√
2
A0 exp(jkz).

✷
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❋r♦♠ ❤❡r❡✱ ✇❡ ❝❛♥ ❣❡t A1(z) ❛♥❞ A2(z)✿

A1(z) =
1√
2
(Be(z) +Bo(z)) =

A0

2
(exp(−jκz) + exp(jκz)) = A0 cos(κz),

A2(z) =
1√
2
(Be(z)−Bo(z)) =

A0

2
(exp(−jκz)− exp(jκz)) = −jA0 sin(κz).

❙❦❡t❝❤❡s ♦❢ t❤❡ ✐♥t❡♥s✐t② ♣r♦✜❧❡s ❢♦r κz = π
4 ✱ κz = π

2 ❛♥❞ κz = π ❛r❡ ❞✐s♣❧❛②❡❞ ♦♥ t❤❡ ❋✐❣✳ ✭✸✮✳

❋✐❣✉r❡ ✸✿ ■♥t❡♥s✐t② ♣r♦✜❧❡s ❢♦r κz = π
4 ✱ κz = π

2 ❛♥❞ κz = π✳

◗✉❡st✐♦♥s ❛♥❞ ❈♦♠♠❡♥ts✿

❆❧❡❦s❛♥❞❛r ◆❡s✐❝ P❤✐❧✐♣♣ ❚r♦❝❤❛
❇✉✐❧❞✐♥❣✿ ✸✵✳✶✵✱ ❘♦♦♠✿ ✷✳✸✷✲✷ ❇✉✐❧❞✐♥❣✿ ✸✵✳✶✵✱ ❘♦♦♠✿ ✷✳✸✷✲✷
P❤♦♥❡✿ ✵✼✷✶✴✻✵✽✲✹✷✹✽✵ P❤♦♥❡✿ ✵✼✷✶✴✻✵✽✲✹✷✹✽✵
❛❧❡❦s❛♥❞❛r✳♥❡s✐❝❅❦✐t✳❡❞✉ ♣❤✐❧✐♣♣✳tr♦❝❤❛❅❦✐t✳❡❞✉

✸


